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Abstract
The hybrid spectral problem where the field satisfies Dirichlet condi-
tions (D) on part of the boundary of the relevant domain and Neumann
(N) on the remainder is discussed in simple terms. A conjecture for the
C1 coefficient is presented and the conformal determinant on a 2-disc,
where the D and N regions are semi-circles, is derived. Comments on
higher coefficients are made.
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1. Introduction
The explicit construction of the general form of the heat-kernel expansion co-
efficients has reached the stage when further progress is impeded mainly by un-
gainliness. Unless there is some compelling reason for finding a specific higher
coefficient, its exhibition is not particularly enlightening and is not really worth
the, often considerable, effort. Other, more productive, avenues consist of gener-
alising the differential operator, the manifold or the boundary conditions. In the
latter context a simply stated extension is the class of problems where the field
satisfies Dirichlet conditions (D), say, on part of the boundary and Neumann (N)
on the remainder. These boundary conditions are sometimes termed ‘mixed ’ in
the classical literature (e.g. Sneddon [1]) or sometimes ‘hybrid’ (e.g. Treves [2]
chap.37).
It is anticipated that the heat-kernel coefficients will receive contributions from
the codimension-2 junction of these two regions. This has been confirmed by
Avramidi [3] and work by van den Berg and Gilkey, [4], on heat content is also
pertinent.
In this work we wish to make some observations on this question that are mainly
example driven and with a minimum of algebra. It is hoped that these considerations
will prove useful in more general field and string theoretic areas where heat-kernel
coefficients play important roles in divergence and scaling questions.
2. Basic idea
A simple calculation, or the drawing of a few modes, shows that on the interval
of length L with Dirichlet (D) and Neumann (N) conditions, the various problems
are related by
(D,N)L ∪ (D,D)L = (D,D)2L
(D,N)L ∪ (N,N)L = (N,N)2L
(1)
(D,D)L ∪ (N,N)L = P2L (2)
where the notation (D,N) signifies a problem with D conditions at one end and N
at the other and P stands for periodic conditions. Averaging (1) gives, using (2)
(D,N) ∪ 1
2
P2L =
1
2
P4L . (3)
1
The ‘subtraction’ implied by (1) and (3), in order to extract the (D,N) part,
amounts to a cull of the even modes on the doubled interval, as is well known (cf
Rayleigh [5], vol I, p.247).
These relations can be applied to the arc of a circle, which might form part
of an SO(2) foliation of a two–dimensional region (or the projection of a higher
dimensional region onto two dimensions). A wedge is a good example which we will
now look at. Say the angle of the wedge is β, then the relations (1) apply equally
well, where the notation means that either D or N applies on the straight sides of
the wedge, (say θ = 0 and θ = β). Equation (1) can be immediately applied to the
heat-kernel and its small-time expansion to determine the form of the heat-kernel
coefficients in the (D,N) combination. We will show how this works out for the C1
coefficient. The (D,D) and (N,N) wedge coefficients are well known,
Cwedge1 (D,D) = C
wedge
1 (N,N) =
pi2 − β2
6β
. (4)
Hence from (1)
Cwedge1 (D,N) = −
pi2 + 2β2
12β
. (5)
This result has been derived by Watson in a rather complicated way using the modes
directly, [6].
Sommerfeld, [7] vol.2 p.827, also mentions the ‘mixed’ wedge and indicates how
to treat it using images if β = pin/m.
Incidentally the conjecture by Gottlieb (equn.(3.5) in [8]), that the (N,D) case
differs from the (D,D) one only by a sign, is incorrect, although it is true in the
special case of a right-angled wedge, as is easily checked by looking at rectilinear
flat domains.
3. The general case
Consider now in general dimension a manifold whose boundary is piecewise
smooth consisting of domains ∂Mi which intersect in codimension-2 manifolds, Iij .
On each of the pieces ∂Mi either D or N is imposed. Then, by Kac’s principle,
C1 will take contributions from the manifolds of codimension zero, one and two
independently.
In general dimension, for all D or all N , the smeared coefficients are known
C1(D) =
(
1
6
− ξ
)∫
RfdV +
∫ (
1
3
κ− 1
2
(n.∂)
)
f dS +
1
6
∫
pi2 − β2
β
f dL
2
C1(N) =
(
1
6
− ξ
)∫
RdV +
∫ (
1
3
κ− 2ψ + 1
2
(n.∂)
)
f dS +
1
6
∫
pi2 − β2
β
f dL
where the integrals over S and L symbolically include summations over i and (i, j).
Neumann conditions have been extended to Robin in these formulae.
For a mixture of D and N , the volume contribution clearly remains unchanged
while the surface contribution divides simply into a sum separately over those re-
gions ∂M(D) and ∂M(N) subject to D and N respectively. The codimension 2
intersections Iij divide into the three (wedge) types I(D,D), I(N,N) and I(N,D).
So our conjecture for the corresponding C1 is
C1(D,N) =
(
1
6
− ξ
)∫
M
RfdV +
∫
∂M(D)
(
1
3
κ− 1
2
(n.∂)
)
f dS+
∫
∂M(N)
(
1
3
κ− 2ψ + 1
2
(n.∂)
)
f dS +
1
6
∫
I(D,D)∪I(N ,N )
pi2 − β2
β
f dL−
1
12
∫
I(D,N )
pi2 + 2β2
β
f dL,
(6)
where we have, perhaps cavalierly, extended N to Robin. Dimensions show that
the codimension-2 contribution cannot depend on the boundary function, ψ.
If the boundary is smooth, then all the dihedral angles β equal pi and the
codimension-2 part of (6) reduces to
−pi
4
∫
I(D,N )
f dL (7)
For example, for the 3-ball with D on the northern hemisphere and N (ψ = 0)
on the southern,
C1(D,N) =
8pi
3
− pi
2
2
for f = 1.
A local derivation of (7), justifying the application of Kac’s principle, has been
given by Avramidi [3]. It has also been obtained by van den Berg (unpublished).
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4. The lune
Relations (1), (2) can also be applied to the 2-lune where the intervals are the
sections of the lines of latitude cut out by the the two longitudes, φ = 0, φ = β. In
this case the extrinsic curvatures vanish (the boundaries are geodesically embedded)
but there is a volume (area) term independent of the boundary conditions.
The ζ–functions are now somewhat more explicit [9,10]. It is possible to work
with general angle β. If we choose β = pi/q, q ∈ Z, the ζ–functions have been
derived in [10] and used in [11].
Denoting the lune by L(β) we have
(D,N)L(β) ∪ (D,D)L(β) = (D,D)L(2β)
(D,N)L(β) ∪ (N,N)L(β) = (N,N)L(2β)
so that the corresponding ζ–functions combine algebraically,
ζNDβ (s) = ζ
DD
2β (s)− ζDDβ (s) = ζNN2β (s)− ζNNβ (s) . (8)
The DD and NN ζ–functions have been derived in [10] as Barnes ζ–functions
for conformal coupling in three dimensions (leading to simple eigenvalues) and yield
the specific value, for example,
ζDDβ (0) =
1
12
(
pi
β
− β
2pi
)
,
which can be used to confirm the expression (5) using the relation between C1 and
ζ(0). (In this case there are no zero modes.)
The volume contribution, β/6, to C1 is standard and is the same for all bound-
ary conditions. Hence the contribution of each (N,D) corner (of which there are
two) is
1
2
[
− 4pi
24
(
pi
β
+
β
pi
)
− β
6
]
= −pi
2 + 2β2
12β
as required.
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5. The disc and semi-circle
The fact that the extrinsic curvatures are zero means that the lune is not
excessively helpful in deriving the form of the higher coefficients in the (D,N) case.
Some further information can be obtained by looking at the half-disc with semi-
circular boundary having different conditions on the diameter and circumference.
A straightforward application of, say the Stewartson and Waechter Laplace
transform technique combined with an image method soon yields the results for the
short time expansions
KDD(t) ∼
1
8t
− 2 + pi
8
√
pit
+
5
24
+
√
t(pi + 16)
256
√
pi
+
(
1
315
+
1
32
)
t+ . . . (9)
KND(t) ∼
1
8t
+
2− pi
8
√
pit
− 1
24
+
√
t(pi − 16)
256
√
pi
+
(
1
315
− 1
32
)
t+ . . . (10)
KNN (t) ∼
1
8t
+
2 + pi
8
√
pit
+
5
24
+
√
t(5pi + 48)
256
√
pi
+
(
1
45
+
3
32
)
t+ . . . (11)
KDN (t) ∼
1
8t
− 2− pi
8
√
pit
− 1
24
+
√
t(5pi − 48)
256
√
pi
+
(
1
45
− 3
32
)
t+ . . . (12)
where DN means D on the diameter and N on the circumference, etc.
The constant terms check with (4) and (5) for β = pi/2. Also (2), applied to the
diameter as a wedge of angle pi, yields the D and N (e.g. [12]), full disc expansions.
The extrinsic curvature vanishes on the diameter and equals one on the circum-
ference part of the boundary so some information on the C3/2 and C2 coefficients
can be inferred. Formulae in the non-mixed types (D,D) and (N,N) have been
given in [11,13] which agree with the relevant parts of the above expressions. Indeed
we used the hemi-disc in deriving these results.
Also in [11] will be found an expression for C2 in the case the boundary parts
∂Mi are subject to Robin conditions with different boundary functions, ψi although
all dihedral angles are restricted to pi/2.
In the case of C2, the 1/315 is the contribution of the curved D semicircle while
the ±1/32 is the effect of the (two) corners and likewise regarding the 1/45± 3/32
combination. The C3/2 coefficient exhibits a similar structure. Experience with the
flat wedge shows that it is unwise to draw too many conclusions when the angle is
pi/2. What we can say, however, is that, using the 3/2 coefficient as an exemplar,
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one term will have the general form
−
√
pi
24
[ ∫
I(D,D)
λDD(β)(κ1 + κ2) +
∫
I(N,N)
λNN (β)(κ1 + κ2)+
∫
I(N,D)
(
λND(β)κD + λDN (β)κN
)]
where λND(pi/2) = −λDD(pi/2) = 3 and λDN (pi/2) = −λNN (pi/2) = −9. This
change of sign is a simple consequence of images, or of (1) since the DD and NN
quantities vanish when β = pi.
6. The disc determinant
A direct attack via modes, of what is, after rectilinear domains, the simplest
two-dimensional situation, i.e. a disc subject to N on one half of the circumference,
and D on the rest, would seem to be difficult in so far as the construction of the ζ–
function or heat-kernel is concerned. However, the functional determinant appears
to be accessible by conformal transformation from that on an ND-lune of angle pi,
i.e. a hemisphere with N on one half of the rim (the equator) and D on the rest,
which is an easy quantity to find in terms of Barnes ζ–function from (8). For this
to work, one would need the conjectured form of C1, (6), to be valid in order to
construct the required cocycle function in two dimensions. Applying the standard
techniques this is (cf [14]), for a smooth boundary,
W [e−2ωg, g] =
1
24pi
∫
M
ω
(
R+ ω
)
dV +
1
12pi
∫
∂M
ω
(
κ+
1
2
(n.∂)ω
)
dS+
1
8pi
(∫
∂M(N)
−
∫
∂M(D)
)
(n.∂)ω dS − 1
16
∑
k
ωk
(13)
where k labels the points where D and N meet and ωk are the values of ω at these
points. If ∂M(D) is empty there is a volume term coming from the pure N zero
mode.
To go from the hemisphere to the disc we employ the equatorial stereographic
projection as in [15,16,11,13,14] noting that there is no codimension-2 contribution
because the conformal factor is unity on the boundary, implying ωk = 0.
Then (13) can be written
WND[g¯, g] =
1
2
(
WD[g¯, g] +WN [g¯, g]
)
, (14)
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where WN means the usual Neumann expression, omitting the zero mode piece,
and we can use the known values, (g¯ = disc and g = hemisphere),
WD[g¯, g] =
1
6
log 2− 1
3
WN [g¯, g] =
2
3
log 2 +
1
6
.
(15)
The ζ–function on the ND-hemisphere follows from (8) with β = pi. The
ζ–function, ζDDpi (s) is the usual hemisphere ζ–function and the determinant has
been considered a number of times. ζDD2pi (s), corresponds to Sommerfeld’s double
covering of three-space introduced in connection with the half-plane boundary.
Since one needs conformal invariance in two dimensions, not three, the ζ–
functions are actually modified Barnes ζ–functions which have been dealt with in
[9,17,18]. The determinants can be computed generally in terms of Barnes ζ–
functions but, because of the rational nature of pi/β, in this case, they can be
reduced to Epstein or Hurwitz ζ–functions. The general theory, appropriate to
the arbitrary 2-lune, is developed in [9]. However it is probably easier to proceed
directly.
From [9] the ζ–function for −∆ on the ND 2-hemisphere is
ζNDpi = ζ
DD
2pi (s)− ζDDpi =
∞∑
m,n=0
1(
(1 +m+ n)2 − 1/4)s
Expanding in the 1/4 leads to the expression for the derivative at 0,
ζNDpi
′
(0) = ζ ′2(0, 1/2 | 1, 1) + ζ ′2(0, 3/2 | 1, 1)−
N2(1)
4
(16)
where
ζ2(s, a | 1, 1) =
∞∑
m,n=0
1
(a+m+ n)s
is a 2-dimensional Barnes ζ–function and N2(a) is its residue at s = 2; N2(a) = 1.
In this simple case the sums can easily be rearranged,
∞∑
m,n=0
1
(a+m+ n)s
=
∞∑
N=0
N + 1
(N + a)s
= ζR(s− 1, a) + (1− a) ζR(s, a)
so that
ζ2(s, 1/2 | 1, 1) + ζ2(s, 3/2 | 1, 1) = 2ζR(s− 1, 1/2) = 2(2s−1 − 1) ζR(s− 1)
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and therefore from (16)
ζNDpi
′
(0) = −ζ ′R(−1)−
1
12
log 2− 1
4
. (17)
The absence of a ζ ′R(0) term is related to the absence of the perimeter heat-kernel
coefficient caused by the equal–sized N and D regions. The ζ–function has only the
Weyl volume pole.
For comparison the standard formulae for the DD and NN -hemispheres are
ζDDpi
′
(0) = 2ζ ′R(−1)− ζ ′R(0)−
1
4
and
ζNNpi
′
(0) = 2ζ ′R(−1) + ζ ′R(0)−
1
4
.
By conformal transformation, on the ND-disc, our final result is
W discND =
1
2
ζ ′R(−1) +
11
24
log 2− 1
24
using (14) with (15) and defining W = −ζ ′(0)/2 by convention.
6. Conclusion
Apart from rectilinear domains, and the hemisphere, there seem few situations
that can be solved exactly for ND-conditions and this is a drawback to the construc-
tion of the precise forms of the heat-kernel coefficients. Nevertheless we have made
a certain progress in a simple minded way making use of the ND-wedge expression.
This type of reasoning can be extended to higher dimensions leading to information
about the trihedral corner contributions and their higher analogues. Surprisingly
the conformal functional determinant is available on the ‘half-N half-D’ disc by con-
formal transformation from the ND-hemisphere, and has been computed, assuming
the conjecture for the coefficient C1 is correct.
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